Gleason has described the general form that the weight distribution of a self-dual code over GF(2) and GF(3) can have. We give an explicit formula for this weight distribution when the minimum distance d between codewords is made as large as possible. It follows that for self-dual codes of length n over GF (2) 
See Berlekamp et al. (1972) and MacWilliams, Mallows and Sloane (1972) for alternative proofs, examples, and generalizations of this theorem.
To obtain a unified notation for the 3 cases we replace X by 1 and yw by y, and make the following definitions:
Casel. w=2, R=4, S=2,~=l,f=l +~y,g=y(1--y) W;
Case2. w=4, R=3, S=8,~=14,f = l 4-~y+ yZ, g=y(1--y)W;

Case3. w=3, R=3, S=4,~=8, f = l +c~y,g=y(1--y)%
Here R is the ratio of the original degrees of f and g, and n must be a multiple of S.
With the unified notation Gleason's theorem now states that, in all 3 cases, the weight enumerator of a code C of length n = Sj is given by 
III. EXTREMAL WEIGHT ENUMERATORS
Let the integers a k in Eq. (1) be chosen so as to make .d o = 1, A1 = .d2-= A, = 0, where r is as lane as possible (regardless of whether or not a code exists with this weight enumerator). The resulting 643/22/2-6 W(y) is called an extremal weight enumerator. If a code does exist with this weight enumerator, it has the largest possible minimum distance between codewords of any self-dual code in which all weights are divisible by w.
There are m integers a 1 .... , a m to be chosen because a 0 is always 1. The smallest power ofy remaining in the extremal weight enumerator is therefore y~,+l, unless we are lucky and Aw(~+l) is accidentally zero. But Corollary 3 says this never happens. The minimum distance of a self-dual code is therefore at most:
We now study the properties of extremal weight enumerators. Case 2: 
where ¢ = ¢(y) = g/fR. Using Biirmann's Theorem (Whittaker and Watson (1963) , p. 128) we expandf-~ in powers of¢ and obtain
by the Leibniz formula for the derivative of a product (Hardy (1944) , p. 229),
The theorem now follows from the formulae
The second of these is easily obtained from di Bruno's formula for the derivative of a composite function (Riordan, 1958, p. 36) 
of minimum nonzero n = 24m; n = 24m + 8; n = 24m + 16; C~$e 3.
(n](4m 2~/~3m + 3), if n : 12m;
Remarks.
(1) It follows from Theorem 4.2 of Assmus and Mattson (1969) that (a) in Case 2, if n is a multiple of 24, the codewords of any fixed weight form a 5-design; and (b) in case 3, if n is a multiple of 12 and v is in the range ~n + 3 ~ v ~ ½n + 3, the nonzero coordinates of the eodewords of weight v form a 5-design. We have written .4~(~+1) in these cases in terms of binomial coefficients to emphasize this combinatorial interpretation.
(2) The corresponding expressions for Case 1 are omitted, since these weight enumerators usually do not correspond to codes--see the next section.
(3) The proof of the theorem can be used to give an explicit expression for any Ai • Proof. In Eq. (3) let f J be expanded further as
k=0 k=m+l where bk is also given by Eq. (4). From Eqs. (2), (5),
and A~k is obtained by expanding the right-hand side in powers of y. In particular A~(m+l ) = --b~+l, and the theorem follows from Eq. (4). 
VI. EXISTENCE OF CODES
In this section we consider the question of whether an extremal weight enumerator is in fact the weight enumerator of a code. In Cases 1 and 3 the answer is no if n is large: THEOREM 4. In Cases 1 and 3, for all n sufficiently large, there is no code corresponding to the extremal weight enumerator.
Proof. Case 1. From Corollary 3 such a code would have din ~.~ ~, violating the Elias bound which is d < .196n at rate ½ for n large [Berlekamp (1968) 
Case 3. We show that for n large the extremal weight enumerator always contains a negative coefficient, either Aa0+~ ) (the coefficient of the highest power of y) or Aa(j+,~_I) (the next-to-highest coefficient).
From Theorem 1, an is the coefficient of 0 n-1 in
where the path of integration is a small circle around the origin. The integral around a very large circle is negligible, so
+ (_8>+-1 (~)~+ '~+ +0 (~)+ (i 2kk_1-1 -,)(3~, _+,)]
Let j --3k = a be fixed and let h -+ oo; then
Therefore for m = [j/3] and j large, am-1 and am are both negative. Now from Eq. (1) we have
and for j large one of these is always negative.
COROLLARY 5 (Asymptotic bounds). For that self-dual code of length n over GF(2) Proof. The upper bounds follow from Corollary 3 and Theorem 4, and the lower bounds from MacWilliams, Sloane and Thompson (1972) and Pless and Pierce (1973) .
Corollary 5 improves on the Elias bound, which at rate ½ is d/n <~ 0.196 (GF(2)) and 0.281 (GF(3)).
VII. NUMERICAL RESULTS
A computer program was written in the rational function manipulating language ALTRAN (Brown (1971 ), Hall (1970 ) to compute the extremal weight enumerator W e . The results are as follows: Case 1. For n = 32, 40, 42, 48, 50, 52 and >~ 56, I/V, contains a negative coefficient. From the table in Pless (1972a) , for n = 2, 4, 6, 8, 12, 14, 24 a self-dual code exists with weight enumerator We, but for n = 10, 16, 18, 20 no such (linear) code exists. However, We for n = 16 is realized by the Nordstrom-Robinson nonlinear code. In the remaining cases it is not known if a code exists.
Case 2. This is the most important case, since as far as we know at the present time codes may exist corresponding to all of the extremal weight enumerators W e . These were computed for n ~< 496, and found to be nonnegative: we conjecture that this is always the case.
Codes are known to exist corresponding to I/V, for n = 8, 16, 24 (the Golay code), 32, 40, 48 (a quadratic residue code [Pless (1963) ]), 56, 64, 80, 88, and 104 (a quadratic residue code (Karlin (1969) ).
Case 3. The coefficient of the highest power of y is negative for n = 24i (i >~ 3), 24i + 4 (i >~ 7),..., and the next-to-highest coefficient is negative for n = 24i + 12 (i ~> 11),.... The negative coefficient at n = 72 was first observed by J. N. Pierce (see Gleason (1971) ). The exact value of n beyond which We always contains a negative coefficient (in accordance with Theorem 4) is not known; it is greater than 320.
Codes exist corresponding to We for n = 4, 8, 12 (the Golay code), and 24, 36, 48, 60 (Pless's symmetry codes [Pless (1969 [Pless ( ), (1970 , (1972)]).
VIII. TABLE OF EXTREMAL WEIGHT ENUMERATORS
Because of the importance of case 2, we have included a table of the extremal weight enumerator in this case for n ~< 200 and n = 256. For some values of n (see Section VII) the corresponding codes are known, and it is useful to have the enumerators on record; in the other cases it is hoped that knowledge of the enumerator will assist in deciding the existence of the codes.
Thus the table gives the weight distribution {A~} of the (hypothetical) binary self-dual code of length n, in which all weights are divisible by 4, and having the greatest possible minimum distance. When n is a multiple of 24 these codes correspond to 5-designs (Section V).
For each value of n, the first column of the table gives A~-, the number of codewords of weight i, and the second column gives i. Only the first half of each enumerator is given, since it is symmetrical about n/2. The tables were checked by verifying that ~ A~ = 2~/2. n:19_~2 ! 6"9065734464 1668"1003659936 263818°1865286080 26011878"7412159128 1660620412"8755716672 6"8891956345"876819862~ 1 9 2 " 5 1 5 6 7 0 2 1 9 6 ' 3 5 2 9 5 5 9 7 4 4 3662"923U679278"519~741815 ~7982"3029129154"9388046400 437537I~270369432"0252103840 2801442"7417808971"5889150656 1 2 6 8 2 8 9 7 " 0 9 1 8 9 7 1 7 7 2 " i 4 5 5 8 8 2 2 2 4 4 0 8 2 4 6 4 3 ' 7 3 9 2 9 6 2 7 9 7 " 3 7 9 4 8 0 6 0 8 0 93822240"3866579312"9097020640 1 5 4 3 9 6 0 4 5 ' 6 4 0 3 6 7 7 9 9 7 ' 4 4 5 0 4 3 6 0 3 2 182248321"4906983687"7698945680 
